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In [3] , Oka and the second author considered the cohomology of the second Morava 
stabiHzer algebra to study nontriviahty of the products of beta elements of the stable 
homotopy groups of spheres. In this paper, we use the cohomology of the third 
Morava stabilizer algebra to find nontrivial products of Greek letters of the stable 
homotopy groups of spheres: ai^,, (^2^,, (ai , ai , /3^/^)7„3i and (l3i,p,j,) for t 
with p \ t{fi — 1) for a prime number p > 5. 
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1 Introduction 

Greek letter elements are well known generators of the stable homotopy groups of 
spheres localized at a prime p. Studying products among these elements is an inter- 
esting subject, and studied by several authors. For example, at an odd prime p, all 
products of alpha elements are trivial. In [3], we used H*S{2) to study nontriviality 
of the product of beta elements. In this paper, we use H*S{3) to find relations of 
Greek letters. The multiplicative structure of H*S{3) is given by Yamaguchi [7], but 
unfortunately, it has some typos. So here, our computation is based on Ravenel's. 

Let /3p/p be the generator of the £2 -term £"2''' '^{S) of the Adams-Novikov spectral 
sequence converging to the homotopy groups vr^C^) of the sphere spectrum S. Here- 
after, q = 2p — 2 as usual. A relation given by Toda implies that Pp^p dies in the 
Adams-Novikov spectral sequence at a prime p > 2. At the prime two, /J^^j = 
by [2, Prop. 8.22], while at the prime numbers three and five, Ravenel showed that 
pF^I^ survives to a homotopy element of 7r^,(S) and Oi\Pp/p = for the generator qi of 
TT^j-iiS). Here, we show the following 

Theorem 1.1 At a prime p > 3, /S^^^ survives to T^(pi-i)q-2{S) and ai/?p/p = 0- 



Corollary 1.2 At a prime p > 3, the Toda bracket {ai,ai, /3'^^^) (= ai/Spi/pi) is 
defined. 
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Remark 1.3 It is already known that ai /3p2 /p2 survives in the Adams-Novikov spectral 
sequence by the work of R. Cohen [1]. Corollary 1.2 states that the Cohen's element 
is a Toda bracket {a\ , ai , f^p/p) ■ 

We notice that at the prime 3, Ravenel showed these in [4]. 

Let /?! , /32 and 7, (t > 0) be the generators of Coker J of dimensions pq — 2, 
{2p + l)q — 2 and {tp^ + (t — ^)p + t — 2)q — 3, respectively. 

Theorem 1.4 Let p > 5, and t he a positive integer with p f t{t^ — 1). Ttien, 
the elements 017,, /327f, (oi, "ii /?p/p)/5i7f ^nd {f3\,p,jt) generate subgroups of the 
stable homotopy groups of spheres isomorphic to Z/p. Besides, even in the case 
p\it + 1), /3i7r and ,p, 7,) are generators of order p. 

Note that {f3i,p,j,) = {jt,p,f3i). We also notice that if t = I, then {ji,p,f3i) = 0, 
while /327i is non-trivial (see section five). 

From here on, we assume that the prime number p is greater than three. 



2 H*S{3) revisited 

We begin with recalling some notation from Ravenel's green book [4]. Let BP denote 
the Brown-Peterson spectrum. Then, the pair 

(BP^BP.iBP)) = {Z(p){vx , V2, . . . ], BPJfi , f2, • • • ]) 

is a Hopf algebroid. Here, the degrees of v; and f, are 2p' —2. The structure maps act 
as follows: 





= vi+pti 






= V2 + V]_f^+pt2 mod(p^,v^) 




??fi(V3) 


= V3 


+ V2l^l +VitP+pt3 








-pvivP2~\t2 + C') mod(p^ 




A(?i) 


= h 


(8) 1 + 1 <8) fi 




A{t2) 


= h 


(g) 1 + fi + 1 f2 - Vibio 




A(?3) 


= t3 


^l+t2 0t1 + (g) + 1 (g) f3 


mod (vi, V2) 


A{t4) 


= t4 


(g) 1 + ?3 + ?2 (g +ti(g) 


+ 1 (gf4 






—VT,bi2 mod (vi, V2) 




A(f5) 


= ts 




' + fl (g) + 1 (g) f5 



-V3^22 - V4^13 mod (p, Vi , V2) 
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for 
(2.2) 



b 




and 



Let A'(3)* = Fp[v3, V3 ^] have the BP* -module structure given by Viv\ = V3V/ = Vj"*"^ 
if / = 3 , and = otherwise, and 

= K{3)dh,t2,...]/{v3tf -v^^ti-.iyO) (by [4,6.1.16]) 

is the Hopf algebra with structure inherited from BP^:{BP). Define the Hopf algebra 
5(3) by 5(3) = 11(3) (iSiK{?,),Fp, where ^"(3)^= acts on Fp by V3 • 1 = 1. Then, 

S0)=Fp[h,t2,...M{tf -ti:i>0). 
Now we abbreviate Ext5(3)(Fp,Fp) to H*S{3). 
Consider integers di (= d^j in [4, 6.3.1]) 



Then, there is a unique increasing filtration of the Hopf algebroid 5(3) with deg f; = di 
for <j < 3. 

Theorem 2.3 (Ravenel[4, 6.3.2]) The associated Hopf algebra E^S{3) is isomorptiic 
to the truncated polynomial algebra of height p on the elements l^f for i > and 
7 G Z/3, with coproduct defined by 



Let L(3) be the Lie algebra without restriction with basis Xjj for / > and j € Z/3 
and bracket given by 



where 6j = 1 if / = 7 mod 3 and otherwise, and L(3, k) the quotient of L(3) obtained 
by setting Xjj = for / > k. Then, Ravenel noticed in [4, 6.3.8]: 




/ < 0, 
/ > 0. 





for / + ^ < 3, 
otherwise. 
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Theorem 2.4 H*{L{3,k)) for k < 3 is the cohomology of the exterior complex 
E(hij)on one-dimensional generators hjj with i < k and j € Z/3, with coboundary 

i-l 
s=\ 

From now on, we abbreviate hij to hij, and hy to hj. 

Under the above filtration, Ravenel constructed the May spectral sequences 

Theorem 2.5 (Ravenel [4, 6.3.4, 6.3.5]) There are spectral sequences 

(a) E2 = H*{L{3, 3)) =^ H*{EoS{3)) and 

(b) E2 = H*iEoS{3)) =^ H*{S{3)). 

Since these spectral sequences collapse, H*S{3) is additively isomorphic to H*L{3, 3). 
Therefore, we have a projection 

(2.6) vr : H*S{3) E°H*S{3) = H*{EoS{3)) = H*L{3, 3). 

Note that the Massey product (/j, , , /i,+2; ^i) is homologous to v^^~^^^ ^,+2 repre- 
sented by of (2.2), and vr assigns the Massey product to bi^2 S H*L{3, 3). 
Ravenel determined in [4, 6.3.34] the additive structure of H*L{3, 3). In particular, we 
have the following: 

Theorem 2.7 H*L{3,3) contains submodules generated by the linear independent 
elements: 

hikiCs, bokiCs, hoi, kol, /jo^o^2^ and hil. 

Here, I = /i2/i2i/i30, ki = h2ihi+i {i = 0, 1), bo = /ii/i32 + /J2i/J20 + hsih^ b2 = 
hohi + h2oh22 + hoho and (3 = /130 + hi + /i32- 

Proof In the table of the proof of [4, 6.3.34], we find the elements 

ho, hi, ko, bo, b2, I, I' = hoh22h-ii , and Cs, 

as well as the first element /ii^iCs of the theorem. We also have the element —hikihjo = 
hih2h2ih^o in the table, which is the last element hil of the theorem. Besides hikihji 
and hikihT,2 aie in the table too. We see that boki = —hikih^i + hikihT,2 and so the 
second element is given by boki(^i, = — /zi^i/z3iC3 + hikih^2C3- 

The element /ioZ?o^2^C3 is computed as 

hoh2h2ih^Q(hih32 + /z2i/z20 + hihi){hoh3i + /i2o/i22 + hohoXh^o + /i3i + ^2) 
= -2hohih2h2oh2ih22h3oh3ih32. 
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Therefore, /jo^o^2' is the dual of the generator — ^Cs' ^rid the elements hob(ib2l and 
hoi are generators. Similarly, a computation 

koll'Ci = h2ohih2h2ih3ohoh22h3i{h3Q + hsi + h^2) 
= hohih2h2oh2ih22h3oh3ih32 

shows that k^l is the dual of the generator I' (3 . □ 
Lemma 2.8 In //*L(3, 3), hoh = and koh = 0. 

Proof From the proof of [4, 6.3.34], we read off the relations hoki = £39/12 and 
koki = e3ogi in H*L{3, 2). Since 630 cobounds /j3o in H*L{3, 3), the lemma follows. 

□ 



3 Greek letter elements 

Let Ep'(X) denote the ^^-term of the Adams-Novikov spectral sequence converging to 
the homotopy group TTt^s{X) of a spectrum X. Then the £"2 -term is ExtBp,(BP)iBP^,, BP^,{X)) . 
We here consider the Ext-group ExtBp,(BP)(BP*,M) for a BP*(BP)-comodule M as 
the cohomology of the cobar complex ^bpabp)^ ^^f- t^]-*- Consider a sequence 
A = {ao,a\, . . . ,an) of non-negative integers so that the sequence p"°,v"' , . . . , v"" is 
invariant and regular. For such a sequence A , Miller, Ravenel and Wilson introduced 
in [2] n-th Greek letter elements //^"^^ in the Adams-Novikov £"2 -term £'2"''^^'^) by 

(3.1) = 6A,y ■ ■ dA,nm e E'f^\S) 

for v"" G Ext^p"|'^^~^-'(SP*,BP*//(A,?i)). Here, s{A) = £?„/£?„_!, fl'„_2, •• • and 
= 2an(p" - 1) - 2 Y,"=Q aiip' - 1), /(A, k) denotes the ideal of BP^ generated by 
Vj' , . . . , v^^j' , and 5A^k+\ is the connecting homomorphism associated to the short 

exact sequence 

^ BP,/I{A,k) BP,/I{A,k) BP^/I{A,k + 1) ^ 0. 

In particular, we write a = r]^^\ fS = rj'^^^ and 7 = rj^^K So far, only when n < 3, 
many conditions for that Greek letter elements survives to homotopy elements ai^e 
known. We abbreviate ry^'^^^ to ryi"^ if A = (1, . . . , 1, £?„) as usual. For example, we 
consider /3 -elements defined by 

(3.2) for /3.( = 5(i,i),2(v|) e EY^''^''\vm, and 

f3pi/pi = Pp</pi,l = ^(l,p'),l'^(l,P'),2(^ ) £ £2'"^''^ '^^5). 
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Hereafter we assume that the prime p is greater than three. We have the Smith-Toda 
spectrum V{k) for ^ = 0, 1, 2 defined by the cofiber sequences 

5 A 5 4 V{0) -4 S5, 

(3.3) S'?V(0) -4 V{0) ^ V{1) A S''+'V(0) and 

T,(P+^)W{1) A Vil) ^ Vi2) ^ 

Here, a e [V(0),V(0)]g is the Adams map and (3 € [V{l),V{l)\p+i)q is the vi- 
periodic element due to L. Smith. Note that the BP* -homology of these spectra are 
BP^{V{k)) = BP^/h+i for the ideal 4 of SP* generated by v; for < / < A: with 
vq = p. We consider the Bousfield-Ravenel localization functor L3 with respect to 
v^'SP. The £'2-term £"1(13^(2)) of £3^(2) is isomorphic to KO)^ H*SO), whose 
structure is given in [4] (see also [7]), and we consider the composite 

r: EliS) ^ El{V{2)) \ £|(L3V(2)) A //*(5(3)) A //*L(3,3). 

Here the first map is induced from the inclusion l: S ^ V{2) to the bottom cell, the 
second is from the localization map, the third is obtained by setting V3 = 1 and the last 
is the projection (2.6). 

Lemma 3.4 The map r assigns the Greek letter elements as follows: 

r{ai) = ho, r(/3i) = -bo, r{(32) = 2ko, 
rilt) = -t{t^ - 1)1 - t{t - l)kiC3 and r{(3p/p) = -h. 

We also have /3[ = hi - i^^^/iq € £^'''''{¥{0)) for the generators hi of £^'''''^{¥{0)) 
represented by . 

Proof First we consider the images of the Greek letter elements under the map 
EliS) El{V{2)). In the cobar complex %p^^bp)^P*, by (2.1), J(vi) = ptu 

J(v^') = v^'z^'^' -v^'^'z^' mod (p) for / > 0, divj) = 2viV2Z^ + v?ff mod (f>,v^), and 

d{v'j) = tV2v'fh'f + Qvjv'f^tl''' + Qvlv'f^P/' mod (p,vi,v^), which imply 

5(i),i(vi) = [t\], (5(i,i),2(v2) = [fi -v'l'^ti], 
5(i,i),2(vi) = [2v2Z^ + vi?f + v^-V], <5(i,p),2(v^) = [Z^' - <"'V;] and 

-5(1,1,1),3(V^) = [^"'^ + Qv2V?,-2zf' + Qv2/,-3zf'+v3z] = 7„ 

for cochains y G ^}gp^^gp^BP^:/{p) and z € 0,^gpjgp^BP^,/(p,vi). Here, [x] denotes a 
cohomology class represented by a cocycle x. The first one shows ai = ho, and the 
second gives the last statement of the lemma. We further see that J(Z^ ) = —pb\k~\ 
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for > 1 and d{vu) = pt^ mod /((2, 1, 1), k) for ^ = 2, 3 by (2.1) in G i^gp ^gp^BP^,. 
Moreover, [b\k]'& are assigned to in H*L{3,3) under the projection tt, and we 
obtain 



Here, w is a linear- combination of terms in the ideal (vi , V2)^ . Thus the relations other 
than r(7,) follows. 

We note that b2o in (2.2) corresponds to /i2i/i30 + ^31^21 by Ait^y in (2.1). Since 
^/(zf) = + 1^^711 -pb2o by (2.1), we obtain r(^(i,i,i),i([z'2 Z^' + ® ff ']) = 

—(^21^30 + %i^2i)^2 + ^21^1 = —3/ — fciC3> which shows the relation on r(7,). □ 



Recall the cofiber sequences (3.3) and the V3 -periodic element 7 € [V{2),V{2)]q-^ 
il3 = {p^ +P+ 1)^) due to H. Toda. Then, the Greek letter elements in homotopy are 
defined by 

(3.5) at = ja'i, j3t = jP', for/?; = ji/3'iii and 7, = jjmihhi 

for Z > 0, and the Greek elements in the £2 -term survives to the same named one in 
homotopy by the Geometric Boundary Theorem (cf. [4]). 



Proof of Theorem 1.4 We begin with noticing that the element bi in H*L{3,3) is 
the image of the Massey product {hi, hi^i , /j,+2, /i;) under tt, which is homologous to 
bi represented by bu in (2.2). We further note that the Toda brackets {ai,ai, (3^^^) 
and (/?i,p,7,) are detected by 01^2 and hi^t of £'2('^)' respectively. Indeed, in the 
first bracket, t/2p-i(^2) = '^i(^p/p by Corollary 4.4 below, and in the second bracket, 
{j3\,p, 7?) =j{/3[,p, 7r) . Under the condition on Z, Lemmas 3.4, 2.7 and 2.8 imply that 
each element of a 1 7;, /327r, ai^27f/3i and /ji7f, as well as /?i7f, generates a submodule 
isomorphic to X/p of the £"2 -term Ej(S). These ai^e, of course, permanent cycles, and 
nothing kills them in the Adams-Novikov spectral sequence since each element has a 
filtration degree less than 2p — 1 . □ 




bk~i for k = 1,2, 



^'5(i,i),i([2v2Z^ + vizf]) = 2k, 
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4 P^^^ in the homotopy of spheres 

Let X and X be the (p — l)q- and (p — 2)^ -skeletons of the Brown-Peterson spectrum 
BP. Then, we have the cofiber sequences 

(4.1) S^X^T,'ix\s^ and X^X^ S^''^^^'' ^ TX. 
Then, 

BP^iX) = BPdx]/ixP) and BP^iX) = BPAx]/{^'~^) 

as subcomodules of BP^(BP), where x corresponds to t\ . From [4, Chap.7], we read 
off the following: 

(4.2) 1/^=0 e Ef''''\X), which implies 

eI''^'''\X) = ifs>pandt<{s-l)p^ + {s+l + e)p. 

Lemma 4.3 : eI'^^^'^'^S) £2.v+2+e,(f+p)9^^^ monomorphic if s > p and t < 
{s- l)p^ + {s + e)p. 

Proof Note that bo = AA' , and the lemma follows from (4.2) and the exact sequences 

^2s+e+l,{t+p)q^-^-^ _^ ^2s+e+l,{t+p-l)q0^^ ^2s+2+e,(t+p)q^<^^ 

induced from the cofiber sequences in (4.1). □ 

Ravenel showed that d2p-\{fipi/p2) = <^\Pp/p rnod Ker in the Adams-Novikov 

spectral sequence for 7r*(5) {cf. [4, 6.4.1]). Here, the mapping on £'2''^''*^ ^^^'\S) 
is a monomorphism by Lemma 4.3: 

Corollary 4.4 In the Adams-Novikov spectral sequence for 7r*(5), d2p-\_{.l3pi/pi) = 

^^Pp/p^^2p-\ W-^2 ^^>- 



Proof of Theorem 1.1 Consider the first cofiber sequence in (4. 1). Since the Adams 
Novikov 52-term £'2''"^^'^'"^'-"^(X) vanishes for > by (4.2), the element L^{/3p2/p2 



G £2'^ *(X) survives to a homotopy element ^Ppi jpi G 7r*(X). In general, we see that 
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(4.5) Let l: S —?■ X denote the inclusion to the bottom cell. Then, \^,i{x) = aixfor 

Put ppip = T*{l3p/p) G £"2'^ "^(X), and we see that A*(/3p/p) = aiff^j^, and so we see 
that ffpip detects an essential homotopy element K^{^f3p2 jpi) G 7r^,(X) by Corollary 4.4 
and [5], which we also denote by /3p/p- 

Now turn to the second cofiber sequence in (4.1). The relation Z;^ = of (4.2) 
yields a cochain y = X^f^J-x'^'' ^ f^^^~'BP*(X) such that diy) = l/y, where yi G 
n^P~^BP^. ItMlowsthat d{y) = l/^-d{xP~^)yp_i G Q^p BP ^{X) for y = Y^'^Z^ x'yj G 
n^P-^BP^{X). In particular d{yp-i) = G n^P'^BP^ and d{yp-2) = (1 -p)ti ®yp-i. 
By definition, these imply A'^(jp_i) = Consider the exact sequence obtained by 
applying the homotopy groups to the second cofiber sequence. Then, i't,{0pip) = 
by (4.2), and so must be pulled back to an element ^ G vr*(5') detected by yp^\. 
Since = XX', Zjojp-i = hab'l, and {ho, . . . ,/io)3'p-i = ho{ho, ■ ■ ■ ,/Jo,3'p-i)> we see 
that 

^ = {ho, . . . , /icJp-i) # G £"2'''^ rnod ker /jq. 

Put y[ = {ho, . . . ,ho,yp-i) + c for c G ker/jQ C £'2''''' '^(^)- Then, y[ — c survives to 
Pl,p e vr.(S). 

The element cti/^p/p is detected by /j()(^ — c) = /jq^i in the Adams-Novikov £2 -term, 
which is killed by bi by Corollary 4.4. □ 



5 Remarks 

5.1 A relation on Toda bracket 

The relation {/3s,p,'yt) = {lt,P,Ps) follows immediately from results of Toda: By 
definition, {(3,,p,-f,) =j/3(,^j(t)i and {j,,p,l3,) = j-f^,^/3^,)i for =ji(3'ii and 7(,) = 
jmi'hii- Since y(2) and V{3) are V(0)-module spectra, 6'(/3) = and Oi'j) = 
by [6, Lemma 2.3]. Similarly, 6{ik) = and 9(jk) = for ^ = 1,2. Therefore, [6, 
Lemma 2.2] imphes d{P^s)) = and ^(7(<)) = 0. Therefore, (3{s)J{t) = 7(r)/3(i) by [6, 
Cor. 2.7] as desired. 
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5.2 On the action of 71 

Notethat7i = ai/3p_i. Then, a^i = a?/3p„i = 0, (ai, ai, /3^^^)/3i7i = -ai(ai,ai,/3^^p)/3i/3p_i = 
-(ai,ai,ai)/3|^/^^A/3p_i = Osince (ai,ai,ai) = 0,and (71,/?, = ^p_i(ai,p,/3i) = 
j3p-\jai\l3i\i = 0. 

For f > 2, 

A = '5(1,1),1'5(1,1),2(V'2) = <5(l,l),l([fV2"'^l'+ (D^l^r^^f 

= [t{t - l)v'2^t2 ®t\- tv'^^bo + {2^2 (g) ] mod (p,vi) 
= t{t - l)v2~^fco - tv'^^^bo mod (pjVi) 

and ai/32/3p_i € £'2(5'°) is projected to h(j{2ko—2v2bo){2\^~^ko+v^~^bo) = — 2v^~^/jo^o^o— 
2/jov^~'^o £9(^(2)) under the induced map from the inclusion i: — > V{2) 
to the bottom cell. Here, ko = [t2 <8) + ^fi (81 Then, this element is detected 
by — 2v^~^^o ^ ^1 = ^2.'^ /\ V(2)) in the small descent spectral sequence. 

The killer of this element, if any, stays in the £1 -terms = """^^^(X A V{2)), 
E\ = £^'^'+^''"''^(X A V{2)) and = £^'^'"^^^^^(X A V{2)). These are zero, and we 
see that the product is not zero. 



References 

[ 1 ] R. Cohen, Odd primary infinite families in stable homotopy theory, Mem. Amer. Math. 
Soc. 30 (1981) no. 242 VIII +92pp. 

[2] H. R. Miller, D. C. Ravenel, and W. S. Wilson, Periodic phenomena in Adams-Novikov 
spectral sequence, Ann. of Math. 106 (1977), 469-516. 

[3] S. Oka and K. Shimomura, On product of the /3-elements in the stable homotopy of 
spheres, Hiroshima Math. J. 12 (1982), 61 1-626. 

[4] D. C. Ravenel, Complex cobordism and stable homotopy groups of spheres, AMS 
Chelsea Publishing, Providence, 2004. 

[5] K. Shimomura, On differential of a generalized Adams spectral sequence, J. Fac. Educ. 
Tottori Univ. (Nat. Sci.) 41 (1992), 119-131 

[6] H. Toda, Algebra of stable homotopy of Zp -spaces and applications, J. Math. Kyoto 
Univ., 11 (1971), 197-251. 

[7] A. Yamaguchi, The structure of the cohomology of Morava stabilizer algebra 5(3), 
Osaka J. Math 29 (1992), 347-359. 



Products of Greek letter elements dug up from the third Morava stabilizer algebra 



11 



Graduate school of Mathematics, Nagoya University, Nagoya, 464-8602, Japan 

Department of Mathematics, Faculty of Science, Kochi University, 2-5-1, Akebono, Kochi, 
780-8520, Japan 

ryo_kato_1128@ycLhoo .co.jp, katsumi@kochi-u. ac.jp 



